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Abstract 
A matrix stress and strain implementation is made that becomes simpler than tensor notation as usual. The effective stress is 
calculated using the indicated matrix notation, starting from a deviatoric stress state. The effective stress defines a functional flow 
condition which, besides the principle of normality, solves an equation for the incremental plastic deformation. The plastic work 
is determined, as usual, from the state of stresses and strains. Finally, the effective plastic strain is obtained as a function of the 
plastic working and the effective stress, both in the case of plastic deformation at constant volume and with variable volume 
model. 
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1. Introduction 
In uniaxial stress systems, it is not difficult to define the state of plasticity when the stress reaches the yield point 
ߪி. By contrast, in a system of multiaxial stresses is convenient to define an effective stress ߪ௘given as a certain 
quadratic function of the stresses (Von Mises' stress) and equivalent stress is that which causes plastic flow to 
achieve the yield point of the uniaxial case. 
What happens to the strain in the multiaxial case is more complicated than the simple case of uniaxial stress-
strain. A practical way is to define an effective plastic strain, similar to as was done with the effective stress, so as to 
reduce the multiaxial system to a simpler one dimensional equivalent. 
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Proposals have been carried out to calculate the effective plastic strain, have not been very convincing to date, 
especially for engineering specific purposes. Serving as examples, the deduction given in [1] based on geometric 
considerations about a fictional three-dimensional stress-strain space that is restricted only to principal stress-strain; 
or artificial and not generalized demonstration [2]. 
The proposed energy model, whose scheme is shown in Fig. 1, defines, firstly, the effective stress from a 
generalized state of stresses. Such a state of stresses along with the state of incremental plastic strains, determine the 
plastic work put into play. 
Finally, considering the above steps and the principle of normality, a generalized expression for the effective 
incremental plastic strain is obtained. In the study both systems were included: plastic deformation with constant 
volume, as well as those where some variation of the latter is contemplated. 
2. Matrix notation for stresses and strains 
In the context of this work, it is useful the matrix representation (in bold) of stresses and strains, respectively, by 
the expressions 
࣌ࢀ ൌ ሺߪ௫ߪ௬ߪ௭߬௫௬߬௫௭߬௬௭߬௬௫߬௭௫߬௭௬ሻ    (1) 
and 
ࢊࢿࢀ ൌ ሺ݀ߝ௫݀ߝ௬݀ߝ௭݀ߝ௫௬݀ߝ௫௭݀ߝ௬௭݀ߝ௬௫݀ߝ௭௫݀ߝ௭௬ሻ   (2) 
Here ࣌ࢀ is the (1x9) order row matrix, transpose of the column matrix ࣌ corresponding to the stresses, and so 
being written for the sake of simplicity. Deformations (2) are given differentially, since the incremental theory of 
plasticity, used at work, it is necessary to express the deformation incrementally, by the dependence of the 
deformation process of history followed by the material. 
 
 
Fig. 1. Outline of the Methodology used in the work 
Stress always decomposes into two parts according to the expression: 
࣌ ൌ ࣌Ʋ ൅ ࡯ߪு   (3) 
where ࣌´is the deviatoric stress component, responsible for producing distortion, without volume change, and the 
scalar ߪுis the hydrostatic pressure responsible for the change in volume without distortion, given by the relation 
ߪு ൌ ࡯ࢀ࣌ ͵Τ ൌ ߪ௫ ൅ ߪ௬ ൅ ߪ௭ ͵Τ    (4) 
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the sum of stresses being an invariant independent of  reference axes system. 
 
In turn, the matrix࡯ is expressed by 
࡯ࢀ ൌ  ሺͳͳͳͲͲͲͲͲͲሻ    (5) 
Following this, the shear stresses are themselves their own deviatorics. 
In complete analogy to the previous case, the incremental strains decompose as well 
ࢊࢿ ൌ ࢊࢿƲ ൅ଵଷ࡯݀ߠ   (6) 
where ࢊࢿƲ is the deviatoric component of the incremental strain associated with the distortion, and the scalar ݀ߠ 
corresponds to the variation of volume, given by 
݀ߠ ൌ ࡯ࢀࢊࢿ ൌ ݀ߝ௫ ൅ ݀߳௬ ൅ ݀ߝ௭   (7) 
Note that according to the definitions given for the respective deviatoric stress and strain, relations are met 
࡯ࢀ࣌Ʋ ൌ ߪ௫Ʋ ൅ ߪ௬Ʋ ൅ ߪ௭Ʋ ൌ Ͳ   (8) 
࡯ࢀࢊࢿƲ ൌ ݀ߝ௫Ʋ ൅ ݀ߝ௬Ʋ ൅ ݀ߝ௭Ʋ ൌ Ͳ   (9) 
It is noteworthy that all strains contain an elastic part (recoverable) and a (permanent) plastic, as 
ࢊࢿ ൌ ࢊࢿࡱ ൅ ࢊࢿࡼ   (10) 
where the superscripts represent, respectively, the elastic part and the plastic one. On the other hand, in turn, as 
above, will be fulfilled: 
ࢊࢿࡱ ൌ ࢊࢿƲࡱ ൅ ଵଷ࡯݀ߠா   (11) 
ࢊࢿࡼ ൌ ࢊࢿƲࡼ ൅ ଵଷ࡯ߠ௉   (12) 
It is important to highlight that in elasticity exists a distortion given by ࢊࢿƲࡱ and, generally, variation of volume 
with ݀ߠா  defining its magnitude. On the contrary, in plasticity, under conditions of isotropy, homogeneity, etc.; 
there is no volume change,݀ߠ௉ ൌ Ͳ, therefore being satisfied [3] 
ࢊࢿࡼ ൌ ࢊࢿƲࡼ   (13) 
3. Relations for energy 
The total incremental work per volume unit as a function of stress and strain is given, taking into account 
equations (3, 6, 8 and 9), by the relationship: 
ܹ݀ ൌ ࣌ࢀࢊࢿ ൌ ࣌ƲࢀࢊࢿƲ ൅ ߪு݀ߠ   (14) 
In expression (14), the first term represents the distortion work and the second one the volume change. 
 
Furthermore, the (10) indicates that equation (14) may also be written as the sum of elastic and plastic work, so 
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ܹ݀ ൌ ࣌ࢀࢊࢿ ൌ ࣌ࢀࢊࢿࡱ ൅ ࣌ࢀࢊࢿࡼ   (15) 
either according to (3, 11, and 12), by the following expressions: 
ܹ݀ா ൌ ࣌ࢀࢊࢿࡱ ൌ ࣌ƲࢀࢊࢿƲࡱ ൅ ߪு݀ߠா   (16) 
ܹ݀௉ ൌ ࣌ࢀࢊࢿࡼ ൌ ࣌ƲࢀࢊࢿƲࡼ ൅ ߪு݀ߠ௉   (17) 
Since by (13) the change in volume in the plastic deformation is zero, the last expression simplifies to 
ܹ݀௉ ൌ ࣌Ʋࢀࢊࢿࡼ   (18) 
4. Plasticity condition 
The effective stress depends on the second invariant of stresses that expressed in terms of deviatoric stress has the 
form [4] 
ߪ௘మ ൌ ଷଶ࣌Ʋࢀ࣌Ʋ   (19) 
Developed at length the (19) we obtain 
ʹߪ௘మ ൌ ሺߪ௫ െ ߪ௬ሻమ ൅ ሺߪ௫ െ ߪ௭ሻమ ൅ ሺߪ௬ െ ߪ௭ሻమ ൅ ͸൫߬௫௬మ ൅ ߬௫௭మ ൅ ߬௬௭మ ൯ ൌ ʹߪிమ  (20) 
The left side of the above equation is the definition of the effective stress ߪ௘ and the right side, after dividing by 
six and duplicating the symmetry of the shear stresses, is [4] the Von Mises yield surface, containing the boundary 
yield ߪி as a parameter, with development given by the following expression: 
ଵ
଺ ሼ൫ߪ௫ െ ߪ௬൯
మ ൅ ሺߪ௫ െ ߪ௭ሻమ ൅ ൫ߪ௬ െ ߪ௭൯మሽ ൅ ଵଶ ൛߬௫௬మ ൅ ߬௬௫మ ൅ ߬௫௭మ ൅ ߬௭௫మ ൅ ߬௬௭మ ൅ ߬௭௬మ ൟ െ
ଵ
ଶ ߪிమ ൌ Ͳ      (21) 
This expression responds to the generalized form 
݂൫ߪ௫ǡ ߪ௬ǡ ߪ௭ǡ ߬௫௬ǡ ߬௬௫ǡ ߬௫௭ǡ ߬௭௫ǡ ߬௬௭ǡ ߬௭௬ǡ ߪி൯ ൌ Ͳ  (22) 
where it is clear that the gradient of the function ݂, by differentiating the above expression, or (21) can be written, as 
the ࣌ and ࣌Ʋare taking successive values given by its matrix elements, as indicated above, according to the compact 
form 
߲݂ ߲࣌Τ ൌ ࣌Ʋ   (23) 
The principle of normality [5] establishes that the incremental plastic strain ࢊࢿࡼ has the same direction as the 
gradient (22), that is normal to the surface, or what is equivalent proportionally to that value, and therefore have 
ࢊࢿࡼ ൌ ࣌Ʋ݀ߣ   (24) 
where݀ߣ is a positive incremental amount. 
5. Calculation of the effective strain 
As an effective stress is defined, it is also possible to define an effective incremental plastic strain ݀ߝ௘௉ that is 
compatible with the values given for plastic work (18). 
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On the one hand we have 
ܹ݀௉ ൌ ߪ௘݀ߝ௘௉   (25) 
and secondly, applying the principle of normality (24) to the expression (18) will be: 
ܹ݀௉ ൌ ࣌Ʋࢀࢊࢿࡼ ൌ ࣌Ʋࢀ࣌Ʋ݀ߣ ൌ ଶଷߪ௘మ݀ߣ   (26) 
where we have taken (19) into account, definition of effective stress. 
Squaring the scalar ܹ݀௉ in (25) and doing the same in equation (26), we will have, equating the two expressions 
ሺܹ݀௉ሻమ ൌ ߪ௘మሺ݀ߝ௘௉ሻమ ൌ ସଽߪ௘ଶሺ݀ߣሻమߪ௘మ    (27) 
This leads easily to the relationship: 
݀ߣ ൌ ଷଶ ݀ߝ௘௉ ߪ௘Τ    (28) 
and also, on the other hand, the expression 
ሺ݀ߝ௘௉ሻమ ൌ ସଽߪ௘మ ሺ݀ߣሻమ ൌ
ସ
ଽ
ଷ
ଶ࣌Ʋࢀ࣌Ʋሺ݀ߣሻమ ൌ
ଶ
ଷ࣌Ʋࢀ݀ߣ࣌Ʋ݀ߣ  (29) 
or what is the same as (24) 
ሺ݀ߝ௘௉ሻమ ൌ ଶଷሺࢊࢿࡼሻࢀࢊࢿࡼ   (30) 
which is the desired expression for the effective incremental plastic strain. 
Chosen a system of principal directions above reduces to 
ሺ݀ߝ௘௉ሻమ ൌ  ଶଷሼሺ݀ߝଵ௉ሻమ ൅ ሺ݀ߝଶ௉ሻమ ൅ ሺ݀ߝଷ௉ሻమሽ ൌ
ଶ
ଽሼሺ݀ߝଵ௉ െ ݀ߝଶ௉ሻమ ൅ ሺ݀ߝଵ௉ െ ݀ߝଷ௉ሻమ ൅ ሺ݀ߝଶ௉ െ ݀ߝଷ௉ሻమሽ  (31) 
and in the case of coordinate axes directions any to the 
ሺ݀ߝ௘௉ሻమ ൌ ଶଽቄ൫݀ߝ௫௉ െ ݀ߝ௬௉൯
మ ൅ ሺ݀ߝ௫௉ െ ݀ߝ௭௉ሻమ ൅ ൫݀ߝ௬௉ െ ݀ߝ௭௉൯మቅସଷቄ൫݀ߝ௫௬௉ ൯
మ ൅ ሺ݀ߝ௫௭௉ ሻమ ൅ ൫݀ߝ௬௭௉ ൯మቅ  (32) 
Under the validity of equation (13), an equivalent expression for the relationship (30) would be 
ሺ݀ߝ௘௉ሻଶ ൌ ଶଷሺࢊࢿƲࡼሻࢀࢊࢿƲࡼ   (33) 
or developing it fully 
ሺ݀ߝ௘௉ሻమ ൌ ଶଽቄ൫݀ߝƲ௫௉ െ ݀ߝƲ௬௉൯
మ ൅ ሺ݀ߝƲ௫௉ െ ݀ߝƲ௭௉ሻమ ൅ ൫݀ߝƲ௬௉ െ ݀ߝƲ௭௉൯మቅ ൅ ସଷቄ൫݀ߝƲ௫௬௉ ൯
మ ൅ ሺ݀ߝƲ௫௭௉ ሻమ ൅ ൫݀ߝƲ௬௭௉ ൯మቅ (34) 
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6. Plastic deformation with volume change 
Under certain conditions, the plastic deformation can act not only distorted, as is normal, but with variation in 
volume [6]. That is, ݀ߠ௉ ് Ͳ, and therefore no longer met the accepted [3] rule expressed by equation (13), which 
would become 
ࢊࢿࡼ ് ࢊࢿƲࡼ   (35) 
As the volume change depends on the action of hydrostatic stress ߪு , the corresponding expression for the 
effective stress (19) must be compensated with a quadratic term in ߪு, to account for that fact. So we have: 
ߪ௘మ ൌ ଷଶ࣌Ʋࢀ࣌Ʋ ൅ ݃ߪுమ    (36) 
The influence will actually be small, since ݃ is a much less positive value than the unity. However, for certain 
practical cases [6] should be taken into account. 
Analogously, the Von Mises yield surface expression, as referenced discussed in the preceding paragraph, would 
be 
݂ ൌ ଵଶ ቄ൫ߪ௫ െ ߪ௬൯
ଶ ൅ ሺߪ௫ െ ߪ௭ሻଶ ൅ ൫ߪ௬ െ ߪ௭൯ଶቅ 
   
൅ଷଶ൛߬௫௬ଶ ൅ ߬௬௫ଶ ൅ ߬௫௭ଶ ൅ ߬௭௫ଶ ൅ ߬௬௭ଶ ൅ ߬௭௬ଶ ൟ ൅ ݃ߪுଶ െߪிଶ ൌ Ͳ  (37) 
The principle of normality [4] establishes the proportionality between the plastic strain ࢊࢿࡼ and the gradient of ݂, 
ie 
ࢊࢿࡼ ൌ ሺ߲݂ ߲࣌Τ ሻ݀ߣ   (38) 
where ݀ߣ is a positive incremental amount. 
 
Applying the above equation, the (37) expression, that gives the value of ݂, we will have, after deriving 
ࢊࢿࡼ ൌ ቀ͵࣌Ʋ ൅ ଶ௚ଷ ߪு࡯ቁ ݀ߣ   (39) 
This equation, together with the one that expresses the ratio for deviatoric stress (3), are the constitutive equations 
of this model. 
A useful relationship is obtained from the above, multiplying both sides of the equation by the matrix ࡯ࢀ, and 
࡯ࢀࢊࢿࡼ ൌ ቀ͵࡯ࢀ࣌Ʋ ൅ ଶ௚ଷ ߪு࡯ࢀ࡯ቁ ݀ߣ   (40) 
or what is the same, by considering that (8) the first term is zero, and also holds 
݀ߠ௉ ൌ ࡯ࢀࢊࢿࡼ   (41) 
࡯ࢀ࡯ ൌ ͵   (42) 
we obtain 
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݀ߠ௉ ൌ ʹ݃ߪு݀ߣ   (43) 
7. Generalized effective strain 
The application of the plastic work method advocated in this paper also gives positive results when determining 
the effective plastic strain in the model discussed in this section. Indeed, by the equation (17) that gives the plastic 
work, and taking account of the expressions (12) and (8), is met: 
࣌ƲࢀࢊࢿƲࡼ ൌ ࣌Ʋࢀࢊࢿࡼ   (44) 
that since it is an equality whose members are matrix products, it does not imply equality of plastic strains, as it 
would appear at first sight, to simplify the desviatoric stresses on both sides. 
 
Taking the previous result to the expression of the plastic work, we obtain 
ܹ݀௉ ൌ ࣌Ʋࢀࢊࢿࡼ ൅ ߪு݀ߠ௉   (45) 
the first term represents the plastic distortion work and the second corresponding to the change in volume. 
 
The introduction of the equation (39) in the above expression leads to a value for plastic work 
ܹ݀௉ ൌ ࣌Ʋࢀ ቀ͵࣌Ʋ ൅ଶ௚ଷ ߪு࡯ቁ ݀ߣ ൅ ߪு݀ߠ௉   (46) 
bearing in mind the (8), already mentioned, and the result obtained in (43), we arrive at the following expression: 
ܹ݀௉ ൌ ቀଷଶ ࣌Ʋࢀ࣌Ʋ ൅ ݃ߪுଶቁ ʹ݀ߣ   (47) 
which by definition (36) of effective stress we obtain 
ܹ݀௉ ൌ ʹߪ௘ଶ݀ߣ   (48) 
Squaring the scalar ܹ݀௉ in the above equation, we have: 
ሺܹ݀௉ሻଶ ൌ ߪ௘ଶͶሺ݀ߣሻଶߪ௘ଶ   (49) 
On the other hand, the expression (25) that gives the plastic work as function on effective strain, when it is 
calculated, elevated, also, to the square, and by matching with the previous result that expresses the (49), allows us 
to establish: 
ሺܹ݀௉ሻଶ ൌ ߪ௘ଶሺ݀ߝ௘௉ሻଶ ൌ ߪ௘ଶͶሺ݀ߣሻଶߪ௘ଶ   (50) 
which easily leads to the relationship 
݀ߣ ൌ ݀ߝ௘௉ ʹߪ௘Τ    (51) 
and also, on the other hand, to the expression 
ሺ݀ߝ௘௉ሻଶ ൌ Ͷሺ݀ߣሻଶߪ௘ଶ ൌ Ͷሺ݀ߣሻଶ ቀଷଶ ࣌Ʋࢀ࣌Ʋ ൅ ݃ߪுଶቁ  (52) 
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In equation (39) corresponding to the normality principle, solve ࣌Ʋ, ie 
࣌Ʋ ൌ ࢊࢿࡼ ͵݀ߣΤ െ ଶ௚ଽ ߪு࡯   (53) 
Now obtaining, from the above, the transposed matrix ࣌Ʋࢀǡ  which together with the original ࣌Ʋ value, we carry 
both to the equation (52). A laborious calculation, taking into account the identity (43), transformed the previously 
mentioned equation (52) as follows: 
ሺ݀ߝ௘௉ሻଶ ൌ ଶଷ ሺࢊࢿࡼሻࢀࢊࢿࡼ െ
ଶ
ଽ ሺ݀ߠ௉ሻଶ ൅
ሺௗఏುሻమ
௚   (54) 
and how in this case is applicable full expression (12), in which ݀ߠ௉ ് Ͳ, does not offer any difficulty reducing (54) 
to another simpler expression depending on deviatoric strain, thus: 
ሺ݀ߝ௘௉ሻଶ ൌ ଶଷ ሺࢊࢿƲࡼሻࢀࢊࢿƲࡼ ൅
ሺௗఏುሻమ
௚    (55) 
It is the relationship required for effective plastic strain of the model. Written at length, we would use [34], which 
would take the form: 
ሺ݀ߝ௘௉ሻଶ ൌ మవቄ൫݀ߝƲ௫௉ െ ݀ߝƲ௬௉൯
ଶ ൅ ሺ݀ߝƲ௫௉ െ ݀ߝƲ௭௉ሻଶ ൅ ൫݀ߝƲ௬௉ െ ݀ߝƲ௭௉൯ଶቅ  
൅రయ ቄ൫݀ߝƲ௫௬௉ ൯
ଶ ൅ ሺ݀ߝƲ௫௭௉ ሻଶ ൅ ൫݀ߝƲ௬௭௉ ൯ଶቅ ൅ ሺௗఏ
ುሻమ
௚   (56) 
8. Conclusions 
A matrix model based on column matrices, or transposed row matrices, was developed, which in addition to 
being more useful in engineering applications, exceeds greatly the usual tensor notation. 
It has been determined the generalized incremental effective plastic strain, using a process analysis of plastic 
work that is put into play, under the action of the effective stress that causes flow. 
It has been determined the effective plastic strain on systems with plastic deformation in which the volume 
remains constant, as well as those in which undergoes slight variations. 
As general conclusion it is found that the methodology used in this paper solves the determination of a 
generalized expression for the effective plastic strain in all cases, both theoretical and in engineering application. 
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